Abstract. Consider a non-hamiltonian graph G. G is hypohamiltonian if for every vertex v in G, the graph G − v is hamiltonian. G is almost hypohamiltonian if there exists a vertex w in G such that G − w is non-hamiltonian, and G − v is hamiltonian for every vertex v = w. McKay asked in [J. Graph Theory, doi: 10.1002/jgt.22043] whether infinitely many planar cubic hypohamiltonian graphs of girth 5 exist. We settle this question affirmatively.
1. Introduction. Every graph in this paper will be undirected, finite, connected, and neither contain loops nor multiple edges, unless stated otherwise. A graph is hamiltonian if it contains a cycle visiting every vertex of the graph-such a cycle is called hamiltonian. A graph G is hypohamiltonian if G itself is non-hamiltonian, but for every vertex v in G, the graph G−v is hamiltonian. The study of hypohamiltonicity goes back to a paper of Sousselier [25] from the early sixties. The survey of Holton and Sheehan [20] provides a good overview. New material published after the appearance of this survey includes an article of Jooyandeh, McKay, Östergård, Pettersson, and the second author [22] , work of McKay [23] , and the paper [17] by the two authors of this work.
We now introduce our terminology-see [13] for undefined notions. We call a vertex cubic if it has degree 3, and a graph cubic if all of its vertices are cubic. Consider a graph G. Two edges of G are independent if they have no common vertices. We use deg(v) to denote the degree of a vertex v and put ∆(G) = max v∈V (G) deg (v) . The girth of a graph is the length of its shortest cycle. A cycle of length k will be called a k-cycle. For S ⊂ V (G), G[S] shall denote the graph induced by S. A not necessarily connected subgraph G = (V , E ) ⊂ G = (V, E) is spanning if V = V . For a set X, we denote by |X| its cardinality. Following Aldred, McKay, and Wormald [2] , we say that a graph G is hypocyclic if for every v ∈ V (G), the graph G − v is hamiltonian. Hamiltonian hypocyclic graphs are called "1-hamiltonian", see e.g. [10] , so the family of all hypocyclic graphs is the disjoint union of the families of all 1-hamiltonian and hypohamiltonian graphs. A graph G is almost hypocyclic if there exists a w ∈ V (G) such that G − w is non-hamiltonian, but for every vertex v = w in G, the graph G − v is hamiltonian. We call w the exceptional vertex of G. If G is additionally non-hamiltonian, then G is called almost hypohamiltonian (with exceptional vertex w).
This article is structured as follows. In Section 2 we solve a problem of McKay: he asked [23] whether infinitely many planar cubic hypohamiltonian graphs of girth 5 exist. We settle this question affirmatively.
In Section 3 we deal with almost hypohamiltonian graphs, extending a series of results (and settling certain open questions) of the second author [32, 33] . In particular, in Section 3.1 we present a specialised algorithm for generating all almost hypohamiltonian graphs. We also use our implementation of this algorithm to generate complete sets of almost hypohamiltonian graphs for various orders and in Section 3.2 we show that there exists an almost hypohamiltonian graph of order n iff n ≥ 17, solving [32, Problem 2] .
In Section 3.3 we show that the smallest cubic almost hypohamiltonian graphs have order 26, which settles the non-planar variant of [32, Problem 1]-the planar version had been solved by McKay (private communication). In Section 3.4 we give a lower bound for the order of the smallest planar almost hypohamiltonian graphs, and improve the upper bound for the order of the smallest planar almost hypohamiltonian graph whose exceptional vertex is cubic (from 47, see [32] , to 36), which are particularly important due to results from [32] . This answers [33, Problem 6(a) ] and [33, Problem 7] . We also prove that such a graph of order n exists for every n ≥ 73, partially answering [33, Problem 6(b) ]. Furthermore, we show that the smallest planar almost hypohamiltonian graph of girth 5 has order 44. (In the hypohamiltonian case, this number is 45, see [22] .) Finally, in Section 3.5 we determine that the smallest planar cubic almost hypohamiltonian graph has order at least 54, and that the smallest such graph which additionally has girth 5, is of order 68.
2.
McKay's Problem on planar cubic hypohamiltonian graphs. In [23] , McKay constructed three planar cubic hypohamiltonian graphs of girth 5 and raised the natural question whether infinitely many such graphs exist. In this section we prove that this question has a positive answer. Let G be a graph containing vertices v, w, x, y. Following Chvátal [11] , the pair of vertices (v, w) is good in G if there exists a hamiltonian path in G with end-vertices v and w. Two pairs of vertices ((v, w), (x, y)) are good in G if there exist two disjoint paths which together span G, and which have end-vertices v and w, and x and y, respectively.
Let H and H be cubic graphs on at least 6 vertices. Consider J = H − {ab, cd}, where ab and cd are independent edges in H, J = H − {x, y}, where x and y are adjacent vertices in H , and let a , b and c , d be the other neighbours of x and y in H , respectively. Then the dot product H · H is defined as the graph
(Note that under above conditions, the dot product may be disconnected. The dot product was defined by Isaacs in [21] . In fact, following Skupień [24] , it seems that this operation was invented earlier by Adel'son-Vel'skiǐ and Titov [1] .) Theorem 1. Let H and H be cubic graphs, H non-hamiltonian and H hypohamiltonian. Consider independent edges ab, cd ∈ E(H). If each of
is good in H − {ab, cd}, and for each vertex t ∈ V (H), at least one of (a, b) or (c, d) is good in H − {t, ab, cd}, then H · H is a cubic hypohamiltonian graph as well. If H and H are planar, and ab and cd lie on the same facial cycle, then the dot product can be applied such that H · H is planar, as well. If g (g ) is the girth of H (H ), then the girth of H · H is at least min{g, g }.
Proof
. Put G = H · H and denote by x, y the (adjacent) vertices which were deleted from H to form the dot product. G is obviously cubic. Put N (x) = {a , b , y} and N (y) = {c , d , x} such that the unique neighbour of a (b , c , d ) in G is a (b, c, d). We treat H − {ab, cd} = J and H − {x, y} = J as subgraphs of G. W.l.o.g. we may assume that the aforementioned labeling of vertices satisfies that if H and H are planar, then G is also planar.
We first show that G is non-hamiltonian. Assume there exists a hamiltonian cycle h in G. If h ∩ J consists of two components P and P , then either h ∩ J + ab + cd is a hamiltonian cycle in H, a contradiction since H is non-hamiltonian, or P is a path with end-vertices a and b, and P is a path with end-vertices c and d. But then h ∩ J consists of two disjoint paths which together with a xb and c yd form a hamiltonian cycle in H , a contradiction since H is hypohamiltonian. So h ∩ J consists of one component. If h ∩ J has end-vertices a, b or c, d, then we immediately obtain a contradiction (by adding the edge ab or cd) to the non-hamiltonicity of H, so we may assume that h ∩ J is a hamiltonian path P with end-vertices p ∈ {a , b } and q ∈ {c , d }. Then P ∪ pxyq is a hamiltonian cycle in H , once again a contradiction.
It remains to show that G − s is hypocyclic for every s ∈ V (G). Let s ∈ V (J ). Since H is hypohamiltonian, there exists a hamiltonian cycle h in H − s. Put Q = a xb and Q = c yd . Note that if exactly one of Q and Q lies in h, then necessarily s ∈ {x, y}, which is impossible, as neither x nor y lie in J .
Case 1: Neither Q nor Q lie in h. In this situation, xy ∈ E(h), and say a and d are the end-vertices of the path P = h − {x, y}, which is a hamiltonian path in J . (a, d) is good in J, i.e. there exists a hamiltonian path P in J with end-vertices a, d, so we obtain the hamiltonian cycle P ∪ P + aa + dd in G − s as desired.
(If P has end-vertices other than a , d , the argument is very similar. Likewise if s ∈ {a , b , c , d }.)
Case 2: Both Q and Q lie in h. ((a, b) , (c, d)) is good in H, so there exist disjoint paths P 1 , P 2 in H which together span H, with end-vertices a, b and c, d, respectively. Denote by P 1 , P 2 the components of h−{x, y}. Then P 1 ∪P 2 ∪P 1 ∪P 2 +aa +bb +cc +dd is a hamiltonian cycle in G − s. Now consider s ∈ V (H). We know that at least one of (a, b) and (c, d) is good in H − {s, ab, cd}, say (a, b). So there exists a hamiltonian path P in H − {s, ab, cd} with end-vertices a and b. Since H is hypohamiltonian, H − y is hamiltonian, which implies that there exists a hamiltonian path P in J with end-vertices a and b . Now P ∪ P + aa + bb is a hamiltonian cycle in G − s (here it is crucial that cd / ∈ E(P ),
is good in H − {s, ab, cd} and not (a, b), we use the fact that H − x is hamiltonian.)
Finally, let g be the girth of H and g be the girth of H . Assume the girth of H · H is k < min{g, g }, and let C be a k-cycle in H · H . Clearly, C contains (at least) two edges e 1 , e 2 ∈ {aa , bb , cc , dd } with e 1 = aa w.l.o.g. If e 2 = bb , then (C ∩J )∪a xb is a cycle of length at most k−2 in H . If e 2 = cc , then (C ∩J )∪a xyc is a cycle of length at most k in H . If k < g , in both cases we have a contradiction, so k ≥ g . But this is impossible, as k < min{g, g }. We have shown that the girth of H · H is at least min{g, g }.
The above result is inspired by a theorem of Fiorini [14] , who showed that gluing two hypohamiltonian snarks using the dot product yields a new hypohamiltonian snark. Note that in Fiorini's statement the hypotheses he formulates are too weak to prove the result he advertises; Cavicchioli et al. [9] have identified this omission, but we believe their version is also not entirely correct. A detailed account will be given in the note [15] .
In the following, we will call the pair of edges ab, cd from the statement of Theorem 1 suitable. Let H be the graph from Figure 1 . It is one of the three planar cubic hypohamiltonian graphs of girth 5 on 76 vertices found by McKay [23] . Using a computer, we found several suitable pairs of edges ab, cd in this graph. Since we will use double-digit numbers to label the vertices, we shall denote the edge vw by (v, w) for better readability. Proof. It is clear from Figure 1 that the edges (20, 28 ) and (52, 62) are on the same facial cycle. (This guarantees that the dot product is planar.) (20, 52) , (20, 62) , (28, 52) The fact that at least one of (20, 28) or (52, 62) is good in H −{t, (20, 28), (52, 62)} for every t ∈ V (H) was shown by computer. We do not include the 76 hamiltonian paths here due to space constraints-76 paths are necessary since H has trivial automorphism group [23] -, but in each case we verified that the path found by the computer is indeed a valid hamiltonian path in the graph. As in Lemma 2, H will denote in the following the 76-vertex graph from Figure 1 . Consider a copy H of H. Using the pair of suitable edges lying on the same facial cycle in H we have found in Lemma 2, and any pair of adjacent vertices in H , we form the graph H · H . By Theorem 1, H · H is a planar cubic hypohamiltonian graph of girth 5. (Theorem 1 states that the girth of H · H is at least 5, and a planar 3-connected graph cannot have girth greater than 5.) Iterating this process (i.e., for a copy H of H, forming the dot product H · (H · H ), etc.) we obtain the following answer to McKay's question [23] . The second part of the statement was obtained by using the 78-vertex planar cubic hypohamiltonian graph of girth 5 constructed in [17] as H in Theorem 1.
Theorem 3. There are infinitely many planar cubic hypohamiltonian graphs of girth 5. More specifically, there exist such graphs of order n for every n = 74k + a, where k ≥ 2 and a ∈ {2, 4}.
We remark that Theorem 1 may in fact be applied to show that there are smaller graphs which could be used in the above construction, since in its statement we only ask of H to be non-hamiltonian, not hypohamiltonian. However, our focus here was to solve McKay's problem-future work may include a more careful analysis of the graphs which may take the place of H.
We shall return to planar 3-connected cubic graphs with interesting hypohamiltonian properties at the end of this paper.
Almost hypohamiltonian graphs.
3.1. The generation algorithm. In [17] we presented an algorithm for the exhaustive generation of hypohamiltonian graphs. It is based on work of Aldred, McKay, and Wormald [2] . We now describe how we modified this algorithm to generate almost hypohamiltonian graphs exhaustively. We point out that in the following arguments there is significant overlap with [17] -still, we choose to present these results for two reasons: firstly, small changes with respect to [17] are nonetheless necessary and important, and secondly, we would like to make this paper to a large extent self-contained.
Let G be a possibly disconnected graph, and p(G) the minimum number of disjoint paths needed to cover all vertices of G. Denote by V 1 (G) the vertices of degree 1 in G, and by I(G) the set of all isolated vertices and all isolated edges of G. Put
We now adapt two lemmas of Aldred, McKay, and Wormald [2] from the hypocyclic to the almost hypocyclic case. Lemma 5. Let G be an almost hypocyclic graph with exceptional vertex w, and consider a partition (W, X) of the vertices of G with |W | > 1 and |X| > 1 such that W is an independent set. Furthermore, for some vertex v ∈ X, define n 1 and n 2 to be the number of vertices of X − v joined to one or more than one vertex of W , respectively. Then we have 2n 2 + n 1 ≥ 2|W | for every v ∈ X.
If all assumptions of Lemma 5 are met and 2n 2 + n 1 < 2|W | for some v ∈ X, we call (W, X, v) a type C obstruction. The following proof is a straightforward adaptation of the proof of Aldred, McKay, and Wormald [2] .
Proof of Lemmas 4 and 5. Consider v ∈ X with v = w (this choice is possible, since |X| > 1), and let h be a hamiltonian cycle in G − v. The number of components of h restricted to W must be at least p(G[W ]), so the number of components in h restricted to X − v is at least p(G[W ]) (and thus we have |X| − 1 ≥ p(G[W ])). This handles type A and, since clearly k(G) ≤ p(G), type B obstructions. For type C, consider the same cycle h. The number of edges of h between W and X must be 2|W |, but X can supply at most 2n 2 + n 1 .
Lemma 6. Let G be an almost hypohamiltonian graph with exceptional vertex w. Then G is 3-connected. In particular, G has minimum degree 3.
Proof. Since for every vertex v = w, the graph G − v is hamiltonian, G must be 2-connected. Now let {x, y} be a 2-cut in G. Both G−x and G−y are non-hamiltonian, which is impossible. So G does not contain 2-cuts, thus G is 3-connected.
Note that if we allow more than one exceptional vertex, 3-connectedness is not guaranteed anymore. Or put in rigorous terms: consider a 2-connected graph G of circumference |V (G)| − 1 and let W ⊂ V (G) be the (possibly empty) inclusionmaximal set of vertices such that for all w ∈ W the graph G − w is non-hamiltonian. (And thus, for all v ∈ V (G) \ W , the graph G − v is hamiltonian.) We say that G is |W |-hypohamiltonian. Although 0-hypohamiltonian (i.e. hypohamiltonian) and 1-hypohamiltonian (i.e. almost hypohamiltonian) graphs are 3-connected, it is easy to see that 2-hypohamiltonian graphs of connectivity 2 exist: consider a 4-cycle v 1 v 2 v 3 v 4 , add an extra vertex v 5 , and the edges v 2 v 5 and v 4 v 5 . This emphasises the intrinsic qualitative difference between {0, 1}-hypohamiltonian graphs and k-hypohamiltonian graphs with k ≥ 2.
Lemma 7. Let M be a 3-edge-cut in an almost hypohamiltonian graph G with exceptional vertex w. Then G − M contains exactly two components A 1 and A 2 with A = K 1 and A 2 = K 1 . In particular, almost hypohamiltonian graphs are cyclically 4-edge-connected.
Proof. Let G−M contain components A 1 , ..., A k , k ≥ 2, and assume that
Since G is 3-connected, the elements of the set {a 1 , a 2 , a 3 , b 1 , b 2 , b 3 } are pairwise distinct. Since G is almost hypohamiltonian, there exists an i such that G − b i and G − a i both are hamiltonian. Hence, there is a hamiltonian path in A 1 with endvertices a j and a k , j = i = k, and a hamiltonian path in A 2 with end-vertices b j and b k , j = i = k. These paths together with a j b j and a k b k yield a hamiltonian cycle in G, a contradiction. Note that if at least one of the components of G−M is isomorphic to K 1 , then k = 2. This completes the proof.
Collier and Schmeichel [12, p. 196] observed that the vertices of a triangle in a hypohamiltonian graph have degree at least 4. We now show that this holds for almost hypohamiltonian graphs, as well.
Lemma 8. Let G be an almost hypohamiltonian graph containing a triangle T . Then every vertex of T has degree at least 4.
Proof. Put V (T ) = {v 1 , v 2 , v 3 }, where v 3 shall be cubic. Since G is almost hypohamiltonian, at least one of G − v 1 and G − v 2 must be hamiltonian, say G − v 1 . Let h be a hamiltonian cycle in G − v 1 . As v 3 v 2 ∈ E(h), replace in h the edge v 3 v 2 with the path v 3 v 1 v 2 . We obtain a hamiltonian cycle in G, a contradiction.
We make use of these lemmas in our algorithm to generate all almost hypohamiltonian graphs-first we give an intuitive description, which is followed by the rigorous argument. Intuitively, by a good Y -edge we mean an edge which works towards the removal of a type Y obstruction, where Y ∈ {A, B, C}. Let us now formally define these good Y -edges.
Given a hypohamiltonian graph G , and let G be a spanning subgraph of G which contains a type A obstruction (W, X) (where G[W ] is a union of disjoint paths), since G is hypohamiltonian it cannot contain a type A obstruction. Thus, there is an edge e ∈ E(G ) \ E(G) the endpoints of which lie in different components of G [W ] . Furthermore, at least one of the endpoints of e has degree at most one in G[W ]. We call such an edge a good A-edge for (W, X). In the same vein, a good B-edge for a type B obstruction (W, X) in G is a non-edge of G that joins two vertices of W , where at least one of those vertices has degree at most one in G[W ]. Finally, a good C-edge for a type C obstruction (W, X, v) in G is a non-edge e of G for which one of the two following conditions holds:
(i) Both endpoints of e are in W .
(ii) One endpoint of e is in W and the other endpoint is in X − v and has at most one neighbour in W . It is straightforward that this is the only way to destroy a type B/C obstruction. The pseudocode of our enumeration algorithm is given in Algorithm 1 and Algorithm 2. It is analogous to the algorithm we presented in [17] to generate all hypohamiltonian graphs. Nonetheless, we choose to present it here as well for the sake of convenience.
In order to generate all almost hypohamiltonian graphs with n vertices we start from a graph G which consists of an (n − 1)-cycle and an isolated vertex h (disjoint from the cycle), so G − h is hamiltonian. We then connect h to D vertices of the (n − 1)-cycle in all possible ways and then perform Algorithm 2 on these graphs. Algorithm 2 will continue to recursively add edges in all possible ways such that at most one vertex w, the exceptional vertex, has degree larger than D.
It is essential for the efficiency of the algorithm that as few as possible edges are added by Algorithm 2, while still guaranteeing that all almost hypohamiltonian graphs are found by the algorithm.
We omit the proof of the following theorem as it is analogous to the proof of [17, Theorem 2.8]. // Generate all almost hypohamiltonian graphs where at least one vertex has degree D and at most one vertex has degree larger than D
5:
for every way of connecting h of G with D vertices of the C n−1 do
6:
Call the resulting graph G
7:
Construct(G , D) // i.e. perform Algorithm 2 8: end for 9: end for 10: Output H Note that since our algorithm only adds edges and never removes any vertices or edges, all graphs obtained by the algorithm from a graph with a g-cycle will have a cycle of length at most g. So in case we only want to generate almost hypohamiltonian graphs with a given lower bound k on the girth, we can prune the construction when a graph with a cycle with length less than k is constructed.
For more details on the algorithm we refer to [17] .
3.2. The general case. By using our implementation of the algorithm described in Section 3.1 we generated all almost hypohamiltonian graphs with girth at least g of order n for various values of g and n. The counts of the number of almost hypo-
if G is non-hamiltonian AND not generated before then 2: if G contains a type A obstruction (W, X) then 3: for every good A-edge e / ∈ E(G) for (W, X) for which at most one vertex has degree larger than D in G + e do
4:
Construct(G + e, D) 5: end for 6: else if G contains a vertex v of degree 2 then
7:
for every edge e / ∈ E(G) for which at most one vertex has degree larger than D in G + e do else if G contains a type C obstruction (W, X, v) then 11: for every good C-edge e / ∈ E(G) for (W, X, v) for which at most one vertex has degree larger than D in G + e do
12:
Construct(G + e, D) 13: end for 14: else if G contains a vertex v of degree 3 which is part of a triangle then 15: for every edge e / ∈ E(G) which contains v as an endpoint for which at most one vertex has degree larger than D in G + e do 16: Construct(G + e, D) 17: end for 18: else if G contains a type B obstruction (W, X) then 19: for every good B-edge e / ∈ E(G) for (W, X) for which at most one vertex has degree larger than D in G + e do for every edge e / ∈ E(G) for which at most one vertex has degree larger than D in G + e do 27: Construct(G + e, D) 28: end for 29: end if 30: end if hamiltonian graphs can be found in Table 1 . Therein, we also mention the number of almost hypohamiltonian graphs whose exceptional vertex is cubic-these are of special importance due to the fact that two such graphs can be combined to form a hypohamiltonian graph, see [32, Theorem 3] for details. In each case we went as far as computationally possible.
Note that we could not determine the complete set of all almost hypohamiltonian graphs with 24 vertices and girth 5-however, we succeeded in obtaining a sample, which was essential to complete the proof of Theorem 10. smallest almost hypohamiltonian graph of girth 4 (girth 5) has order 18 (order 17).
Hypohamiltonian graphs of order n exist iff n ∈ {10, 13, 15, 16} or n ≥ 18, see [2] . The smallest hypohamiltonian graph of girth 4 (girth 5) has order 18 (order 10); for details we refer to [17] . No almost hypohamiltonian graphs of girths other than 4 or 5 are known, but it seems reasonable to believe that adapting a technique of Thomassen [27] will provide examples of girth 3. We know of the existence of hypohamiltonian graphs of girth g for every g ∈ {3, ..., 7}, see [17] , while no hypohamiltonian graphs of girth greater than 7 are known. (The smallest hypohamiltonian graph of girth 7 is Coxeter's graph.) In Figure 2 the two smallest almost hypohamiltonian graphs (each of order 17) are depicted-both have girth 5. Figure 3 shows the smallest almost hypohamiltonian graph of girth 4 (which has order 18).
All graphs from Table 1 can also be downloaded from the House of Graphs [4] at http://hog.grinvin.org/AlmostHypohamiltonian and also be inspected in the database of interesting graphs by searching for the keywords "almost hypohamiltonian". v w Fig. 2: The almost hypohamiltonian graph of order 17 from [32] . Its exceptional vertex is w.
By deleting the edge vw, we obtain the smallest almost hypohamiltonian graph both in terms of order and size.
Our generator for almost hypohamiltonian graphs was obtained by extending the code of our generator for hypohamiltonian graphs from [17] . In that paper we de- scribe how we extensively tested the correctness of our implementation. We also used multiple independent programs to test hamiltonicity and almost hypohamiltonicityone of those programs was kindly provided to us by Gunnar Brinkmann-and in each case the results were in complete agreement. Furthermore, the source code of our new generator can be downloaded and inspected at [16] .
3.3. The cubic case. The algorithm described in Section 3.1 can also be used to only generate cubic almost hypohamiltonian graphs, but it is much more efficient to use a generator for cubic graphs and test which graphs are almost hypohamiltonian as a filter.
We used the program snarkhunter [7, 5] to generate all cubic graphs with girth at least 4 up to 32 vertices and tested them for almost hypohamiltonicity. (Note that by Lemma 8 cubic almost hypohamiltonian graphs must have girth at least 4.) The results are presented in Table 2 . The smallest cubic almost hypohamiltonian graphs of girth 4 and 5 are shown in Figure 4 .
We also used the complete lists of snarks from [6] to determine all almost hypohamiltonian snarks up to 36 vertices. A snark is a cyclically 4-edge-connected cubic graph with girth at least 5 which is not 3-edge-colourable. The number of almost hypohamiltonian snarks is listed in the last column of Table 2 . The sudden increase at 34 vertices is striking and also occurs for hypohamiltonian snarks as described in [6] .
All almost hypohamiltonian graphs from Table 2 can be downloaded from the House of Graphs [4] at http://hog.grinvin.org/AlmostHypohamiltonian and also be inspected in the database of interesting graphs by searching for the keywords "almost hypohamiltonian".
Using snarkhunter we also verified that there are no cubic almost hypohamiltonian graphs with girth 6 up to at least 36 vertices.
By combining the results from Table 2 with the results on non-hamiltonian cubic graphs from [17] we obtain the following bounds for cubic almost hypohamiltonian graphs.
Theorem 11. Let c g denote the order of the smallest cubic almost hypohamiltonian graph with girth g. We have 0  12  22  0  0  0  0  0  14  110  2  0  0  0  0  16  792  8  0  0  0  0  18  7 805  59  0  0  0  0  20  97 546  425  0  0  0  0  22  1 435 720  3 862  0  0  0  0  24  23 780 814  41 293  0  0  0  0  26  432 757 568  518 159  10  10  0  10  28  8 542 471 494  7 398 734  6  2  0  2  30  181 492 137 812  117 963 348  25  12  0  11  32  4 127 077 143 862  2 069 516 990  74  4  0  0  34  ?  ?  ?  ?  ?  6 253  36  ?  ?  ?  ?  ?  2 243   Table 2 : Counts of almost hypohamiltonian graphs among cubic graphs. g stands for girth. Note that due to Lemma 8, the girth of a cubic almost hypohamiltonian graph is at least 4. The last column denotes the number of almost hypohamiltonian snarks.
In comparison, if we denote by c g the smallest cubic hypohamiltonian graph with girth g, we have the following. (See [17] for more details.) c 4 = 24, c 5 = 10, c 6 = c 7 = 28, c 8 ≥ 50, and c 9 ≥ 66.
3.4. The planar case. Until recently, the smallest known planar almost hypohamiltonian graph had order 39, see [32] . [32, Problem 3] and [33, Problem 6] ask for the smallest order of a planar almost hypohamiltonian graph, and the smallest number n 0 such that there exists a planar almost hypohamiltonian graph of order n for every n ≥ n 0 . Although we are not able to fully settle the questions, we can report progress on both the lower and upper bounds of the order of the smallest planar almost hypohamiltonian graph, as well as an improvement of n 0 .
We shall strengthen the second author's [ [31] the existence of a planar almost hypohamiltonian graph of order 31 (which constitutes the currently best upper bound for the order of the smallest planar almost hypohamiltonian graph), the planar almost hypohamiltonian graphs we will construct in Theorem 18-the smallest among them has 36 vertices-have a cubic exceptional vertex, while the exceptional vertex in Wiener's 31-vertex graph has degree 4. Cubic exceptional vertices are of particular interest due to the fact that we can combine two almost hypohamiltonian graphs, each having a cubic exceptional vertex, into a hypohamiltonian graph, see [32, Theorem 3] -no method is known to do this if the exceptional vertex is non-cubic.
Let us first focus on the lower bound for the order of the smallest planar almost hypohamiltonian graph. Since the algorithm for generating all almost hypohamiltonian graphs presented in Section 3.1 only adds edges and never removes any vertices or edges, all graphs obtained by the algorithm from a non-planar graph will remain non-planar. So in case we only want to generate planar almost hypohamiltonian graphs, we can prune the construction when a non-planar graph is constructed. We used Boyer and Myrvold's algorithm [3] to test if a graph is planar.
Following this approach, we showed that the smallest planar almost hypohamiltonian graph has at least 22 vertices and that the smallest planar almost hypohamiltonian graph of girth 4 must has at least 26 vertices. For girth 5 it turned out to be more efficient to use the program plantri [8] instead. Using plantri we generated all planar 3-connected graphs with girth 5 up to 48 vertices and tested them for almost hypohamiltonicity. This yielded the following results.
Theorem 12. The smallest planar almost hypohamiltonian graph with girth 5 has 44 vertices. There is exactly one such graph of that order and it is shown in Figure 5 . There are exactly 42 planar almost hypohamiltonian graphs with girth 5 on 47 vertices. These are the only planar almost hypohamiltonian graphs with girth 5 up to at least 48 vertices.
The graphs from Theorem 12 can be downloaded from the database of interesting graphs at the House of Graphs [4] by searching for the keywords "planar almost hypohamiltonian".
In summary, we have the following lower bounds.
Corollary 13. Leth (h g ) denote the order of the smallest planar almost hypohamiltonian graph (of girth g). We havē h ≥ 22,h 4 ≥ 26, andh 5 = 44.
Wiener [31] showed that there exists a planar almost hypohamiltonian graph of order 31 and girth 4, soh ≤h 4 ≤ 31. (No planar almost hypohamiltonian graph of girth 3 is known. Adapting a technique of Thomassen [27] could provide examples of girth 3, as mentioned earlier.) In comparison, if we denote byh (h g ) the order of the smallest planar hypohamiltonian graph (of girth g), we have the following-more details can be found in [17] . We now prepare for showing that there exists a planar almost hypohamiltonian graph of order 36 whose exceptional vertex is cubic, as well as improving n 0 (defined in the first paragraph of this subsection) from 76 (see [32] ) to 73. Let G be a graph It was introduced by Thomassen [30] to show that there exist infinitely many planar cubic hypohamiltonian graphs.) The statement of Lemma 1 is a slight modification of a claim of Thomassen, see [30] ; we skip its proof.
Lemma 14 (Thomassen [30] ). Let G be a planar non-hamiltonian graph containing a quadrilateral face bounded by the cycle C. Then Th(G C ) is planar and nonhamiltonian.
In a planar graph, we call a face cubic if all of its vertices are cubic. In [30] , Thomassen also showed that given a planar hypohamiltonian graph G which contains a cubic quadrilateral face bounded by the cycle C, we have that Th(G C ) is a planar hypohamiltonian graph, as well. We require a modified version of Thomassen's result.
Lemma 15 (Zamfirescu [32] ). Let G be a planar almost hypohamiltonian graph with exceptional vertex w, and let G contain a cubic quadrilateral face bounded by the cycle C such that w / ∈ V (C). Then Th(G C ) is a planar almost hypohamiltonian graph, as well.
Consider graphs G and H, and the cubic vertices x ∈ V (G) and y ∈ V (H). Denote by G x H y one of the graphs obtained from G − x and H − y by identifying the vertices in N (x) with those in N (y) using a bijection (so G x H y has |V (G)|+|V (H)|−5 vertices). Thomassen [26] showed that if G and H are hypohamiltonian, then G x H y is hypohamiltonian, as well. Note that if G is hypohamiltonian, then G contains no triangle with a cubic vertex (as shown by Collier and Schmeichel [12, p. 196] ). We will need the following lemma.
Lemma 16 (Zamfirescu [32] ). Let G be an almost hypohamiltonian graph which contains a cubic vertex x different from the exceptional vertex w of G, and H a hypohamiltonian graph which contains a cubic vertex y. Then G x H y is an almost hypohamiltonian graph with exceptional vertex w. If G and H are planar, then so is
A further ingredient is the following useful result of Grinberg.
Theorem 17 (Grinberg's Criterion [18] ). Given a plane graph with a hamiltonian cycle h and exactly f i (f i ) i-gons inside (outside) of h, we have
Theorem 18. There exists a planar almost hypohamiltonian graph of order n and with cubic exceptional vertex for (i) n = 36 + 4k, k ≥ 0, and (ii) every n ≥ 73.
Proof. (i) We first show that the graph G from Figure 6a is almost hypohamiltonian. By Grinberg's Criterion, G is non-hamiltonian, since all faces of G are pentagons with exactly one exception, which is a quadrilateral-now the left-hand side of ( †) cannot vanish. G−w is non-hamiltonian, as well: denote by Q = a b c d the quadrilateral in G, by a the cubic vertex of Q, and be w the exceptional vertex of G, as shown in Figure 6a . Assume that there exists a hamiltonian cycle h in G − w. By Grinberg's Criterion [18] , in G − w, Q and the nonagon N must lie on the same side of h. But this is impossible, as a ∈ V (h) and thus, Q and N lie on different sides of h. Hence, G − w is non-hamiltonian. We skip the straightforward verification that for every vertex v = w, the graph G − v is hamiltonian. Thus, we have shown that there exists a planar almost hypohamiltonian graph of order 36 whose exceptional vertex is cubic. Note that we cannot apply Lemma 15 to G since a b c d is not a cubic quadrilateral, thus we require the following claim. ∈ E(h ), then necessarily a d ∈ E(h ), which we replace with a abcdd . In both cases we have obtained a hamiltonian cycle in G − v , which finishes the proof of the Claim.
Using the Claim and iterating Lemma 15 ad infinitum, the proof of (i) is complete.
(ii) In [22] , it was shown that for every n ≥ 42 there exists a planar hypohamiltonian graph of order n, which we will call H n . For arbitrary but fixed n ≥ 42, let x ∈ V (H n ) be cubic (Thomassen showed that every planar hypohamiltonian graph contains a cubic vertex [29] ), and let y ∈ V (G) be cubic, as well. (Where G is the graph shown in Figure 6a .) Applying Lemma 16, we obtain that H n x G y is an almost hypohamiltonian graph with a cubic exceptional vertex.
By applying [32, Theorem 3] , Theorem 18 (i) yields an alternative proof of the fact that infinitely many planar hypohamiltonian graphs exist. (This was first shown by Thomassen [28] . Chvátal [11] had asked whether the statement is true, and Grün-baum [19, p. 37] had conjectured that it is not.) 3.5. The planar cubic case. Using the program plantri [8] we generated all planar cyclically 4-edge-connected cubic graphs with girth at least 4 up to 52 vertices and tested them for almost hypohamiltonicity. No such graphs were found, so we have:
Theorem 19. The smallest planar cubic almost hypohamiltonian graph has at least 54 vertices.
With plantri we also generated all planar cyclically 4-edge-connected cubic graphs with girth 5 up to 78 vertices. This yielded the following results. These results were independently obtained by McKay (private communication) but were not published.
Theorem 20. The smallest planar cubic almost hypohamiltonian graph of girth 5 has 68 vertices. There are exactly three such graphs of that order and they are shown in Figure 7 . There are exactly 81 planar cubic almost hypohamiltonian graphs with girth 5 on 74 vertices. These are the only planar cubic almost hypohamiltonian graphs with girth 5 up to at least 78 vertices.
The graphs from Theorem 20 can be downloaded from the database of interesting graphs at the House of Graphs [4] by searching for the keywords "planar cubic almost hypohamiltonian".
The smallest planar cubic hypohamiltonian graph of girth 5 has order 76, as proven by McKay [23] . In [17] , we showed that there exists exactly one such graph of order 78. Interestingly, McKay's three extremal graphs of order 76 have trivial auto- morphism group, whereas our 78-vertex example has D 3h symmetry (as an abstract group, this is the dihedral group of order 12).
